Abstract: Spatially interacting Gaussian random variables arranged on a hexagonal lattice are used to construct examples of hexagonal paracrystals. As for previously described paracrystals on a square lattice the distributions may be specified by a variance, 2 , L σ defining the magnitude of the displacement away from the underlying perfect lattice together with parameters defining transverse and longitudinal correlations (ρ T and ρ L ) between neighbouring displacements. A strong longitudinal correlation indicates a small variation from cell to cell in the length of the cell edge whereas a strong transverse correlation indicates a small variation in the cell edge direction. For values of σ L > ∼0.30 of the unit cell spacing the diffraction patterns contain diffuse peaks only with no evidence of Bragg peaks arising from the underlying regular lattice.
Introduction
The concept of the 'paracrystal' to describe the diffraction properties of highly distorted lattices was introduced by Hosemann and co-workers and extensively developed by them over a number of years prior to the publication of a book [1] containing a summary of their work. Hosemann's formulation was expressed in terms of fluctuating vectors which represented the unit-cell edges in a lattice. While in a perfect crystal both the length and orientation of a unit cell edge are constant, in a paracrystal the vector defining an edge varies both in length and direction.
The so-called 'ideal paracrystal' was a particularly simple model for which solutions were readily available even in three dimensions (3D) because the lattices consisted of three independent 1D chains, the 3D lattice being formed by completing parallelepipeds from the primary vectors.
However, doubt was expressed on the validity of the 'ideal paracrystalline model' since it seemed unreasonable to expect independent fluctuations of interatomic vectors in 3D [2] . 1 Hammersley [3] in discussing 'harnesses' went even further by saying that it is unreasonable to assign independent random variables to the edges of an n-dimensional lattice (n ≤ 2) since there are many more cell edges than lattice points. Severe conditional dependency conditions must be imposed on the vector distributions. A more reasonable approach is to work with variables representing the lattice points rather than with the vectors between points.
Following the line advocated by Hammersley [3] Welberry and co-workers [4] [5] [6] developed a model for distorted lattices in which sets of Gaussian distributed random variables were associated with each site of a regular lattice and then correlations introduced between these variables. In the remainder of this paper the term paracrystal is used (rather loosely) to refer to highly distorted examples of these perturbed regular lattices. Figure 1 shows the arrangement for application on a square lattice. The small arrows show the displacement, R i,j , of the i, jth lattice point away from the corresponding site of the underlying regular lattice. Each R i,j is comprised of components X i,j and Y i,j which are the basic arrays of interacting zero mean, unit variance Gaussian random variables used in the formulation. A variety of paracrystal-like distributions can be generated according to the strength of the correlations between nearest-neighbour displacements. In particular ρ L and ρ T , representing longitudinal and transverse correlations, are defined by,
A strong longitudinal correlation indicates a small variation of cell edge length whereas a strong transverse correlation indicates a small variation in the cell edge direction.
Since X i,j and Y i,j are zero mean and unit variance variables, for constructing paracrystalline distributions an additional parameter, σ L , needs to be specified. This is used to scale the random variables to give a real displacement magnitude. The large value of σ L used to produce the paracrystalline-like distributions means that there is a large variation of individual sites away from the underlying average lattice. However, the accompanying very high values of the correlations, ρ L and ρ T , means that the variance, 2 , d σ of the distance between nearest neighbours is quite small. This may be quantified (see reference [4] ) using the formula, Figure 2 shows three examples of paracrystals produced in this way that are based on a square lattice. In Figure The aim of the present paper is to extend the use of Gaussian variables to produce highly distorted hexagonal lattices or hexagonal paracrystals, which have not previously been treated.
Hexagonal paracrystal
In order to construct a hexagonal paracrystal we adopt the following procedure. We suppose φ i,j is a set of Gaussian 
distributed random variables placed at the vertices of a triangular lattice as shown in Figure 3 . We further suppose that φ i,j is used to represent a displacement of the lattice point in the vertical (y-direction) away from the regular lattice position as indicated by the arrows. We then introduce correlations, ρ L and ρ T between neighbour variables as shown. This may be achieved using Monte Carlo (MC) simulation. An energy E MC is used where, , 1
. 
R 1 , R 2 and R 3 are interaction energies that are adjusted iteratively during the course of the simulation in order to induce the desired value of the near neighbour correlations.
To obtain distributions with hexagonal symmetry we use three identically distributed but independent 1D random variables, φ i,j , χ i,j and η i,j . φ i,j is used to represent displacements in the [01] direction of a triangular lattice, χ i,j displacements in the [11] direction and η i,j displacements in the [10] direction (see Figure 3) . These may then be combined by vectorial addition into a single 2D random variable:
Since each of φ i,j , χ i,j , η i,j is normally distributed with zero mean and unit variance any linear combination of them is also normally distributed with zero mean. In cartesian coordinates Θ i,j will have two orthogonal components, Θ x and Θ y . With reference to Figure 3, , , 
A variety of examples of hexagonal paracrystalline distributions constructed in this way are shown and discussed in the next section. In each of the figures presented only a small representative portion of the real-space distribution is shown. The actual arrays used in the simulation comprised 512 × 512 points. In each case computations of diffraction patterns were carried out using the program DISCUS [7] .
Examples Effect of variance, σ 2 L
For a given distribution of random variables we show the effect of increasing the magnitude of the displacements, where 2 L σ is the variance of the displacement of sites away from the underlying regular lattice. Figure 4 shows small representative regions of the real-space distributions and their corresponding diffraction patterns for three hexagonal paracrystals generated using the same distributions of φ i,j , χ i,j and η i,j in which the nearest neighbour correlations were set to ρ L = 0.99 and ρ T = 0.965, but differing values of σ L . The example in Figure 4A has σ L = 0.46, Figure 4B has σ L = 0.61 and Figure 4C has σ L = 0.92.
It should be noted that σ L measures the magnitude of the displacements relative to the length of the unit cell edge. As discussed above for the square paracrystals, for values of σ L > ∼0.3 the diffraction pattern contains no Bragg peaks and only diffuse paracrystal peaks remain [4] . The diffraction pattern of the example in Figure 4A shows two orders of the diffuse paracrystal peaks. That is as well peaks around (10), (01) and (11 ̅ ), peaks around (20), (02) and (22 ̅ ) are also present. In Figure 4B these second-order peaks are more smeared and of reduced intensity. In Figure 4C they have virtually disappeared.
Effect of varying ρ T for given ρ L
A large value of ρ L means that the lengths of neighbouring unit cell vectors will tend to be the same and will only change slowly over a considerable distance. For such a suitably large value of ρ L we show in Figure 5 the effect of varying the transverse correlation, ρ T .
The longitudinal correlation, ρ L , is dominant in all three examples. It is this longitudinal correlation that gives rise to the diffuse bands of scattering that stretch between the diffuse peaks. In particular the horizontal diffuse bands in the diffraction patterns derive from the longitudinal correlations within the vertical rows of scattering seen in the real space plots. The effect of the diminishing transverse corelations progressing from Figure 5A to 5C is manifest in the real-space pattern by a loss of register of the variations in neighbouring columns, while in the diffraction patterns it is manifest in the loss of structure along the length of the diffuse bands. In this respect Figure 5A appears more crystalline than Figure 5C .
It should be noted that, although the real-space plot in Figure 5C appears more disordered than the more crystalline looking Figure 5A , the average variation of sites, both vertically and horizontally, from the underlying perfect lattice is the same in the two cases. In Figure  5C the variation (e.g., in the direction of a single vertical column of dots) is appreciated within the relatively small sample shown but for the example Figure 5A the columns appear to be more tightly constrained and the full extent of the much bigger lattice array used in the simulations is needed to appreciate the full range of the variation.
Transverse vs. longitudinal
In this third example the effect of changing the relative dominance of the transverse and longitudinal correlations is demonstrated. In Figure 6A The difference between the cases when longitudinal or transverse correlations dominate is readily apparent in the real-space plots of Figures 6A and 6C . With strong longitudinal correlations cell edges in neighbouring unit cells tend to be very similar in length but there is a variation in their direction. This generally correponds to a tendency for unit cells to have undergone a distortion involving mainly shear (see Figure 6A ). In contrast, if the transverse correlations dominate, the oriententation of unit cell vectors of neighbouring cells tend to be similar but there is a variation in length. This correponds to a local dilation or expansion of the lattice as seen in different regions of the real-space plot in Figure 6C . For the example in Figure 6B , where transverse and longitudinal correlations are equally important, the unit cells neither tend to reflect shearing nor dilation/contraction and often appear more arbitrarily shaped.
The diffraction patterns similarly show distinctive trends. For Figure 6A the diffuse peaks that occur around Bragg positions have a shape that is elongated in a direction normal to the radius vector. As is the case in crystalline examples such a shape is characterisic of shear distortion. Similarly the elongation of diffuse peaks along the radius vector, as seen in Figures 6C, is characteristic of dilation/contraction distortions.
Discussion
Paracrystalline models based on interacting Gausssian random variables that were described previously for a square lattice [4] have proved useful in a number of different fields. These include the analysis of fibre diffraction patterns [8, 9] , the description of the distribution of defect clusters in the non-stoichiometric iron oxide wüstite, Fe 1-x O [10] and recently in interpreting diffraction from semiconductor structures with self-organized quantum dots (QDs) [11] .
In the present paper we have extended these results to allow paracrystal distributions to be constructed on hexagonal lattices. A variety of different examples have been presented that demonstrate the importance of the variance, 2 , L σ of the displacements from an underlying regular lattice and the role played by the correlations between neighbouring displacements. The examples shown are paracrystalline in the sense that the diffraction patterns contain only diffuse maxima. Any Bragg peaks that arise from the underlying regular lattice are completely suppressed by the Debye-Waller factor that results from the very high 2 .
L σ Of particular note are the different effects produced by the transverse and longitudinal nature of the correlations. When longitudinal correlations dominate the diffuse peaks tend to be elongated normal to the radius vector as in Figure 6A . Such patterns have much in common with ones arising elsewhere. For example Figure 7A shows a pattern obtained from a [12] . (B) Diffuse X-ray scattering in the hk0 section of a single crystal of benzil [13] . molecular dynamic simulation of a soft-sphere liquid system [12] . There is similarity also with diffuse scattering that is observed in numerous crystalline examples, where local distortions similarly favour longitudinal correlations (see the example of benzil in Figure 7B ). 2 When transverse correlations dominate the diffuse peaks tend to be elongated along the radius vector towards the origin, as in Figure 6C . Patterns displaying this kind of behaviour are much rarer in practice since it requires that structural distortions involve dilation or contraction rather than a shearing of the local environment. There are, however, some examples where this type of distortion seems to be the case, for example in In doped GaAs [14] and in stress annealed Ni-Al-Si alloys [15] .
